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OBJECTIVE:

   This project aims to implement the Prim’s and Kruskal’s minimum spanning tree algorithms to interpret the idea of greedy approach and to compare ideas and time complexities of the two algorithms. 

    Major emphasis of this project is on analyzing the performance of the algorithms, NOT on coding the algorithms

Introduction:

    In this project , we discuss two classic algorithms for solving the MST problem. These algorithms are both applications of the greedy method, which is based on choosing objects to join a growing collection by iteratively picking an object that minimizes some cost function. 

      The first algorithm we discuss is the Prim algorithm, which grows the MST from a single root vertex.

      The second algorithm we discuss is Kruskal’s algorithm, which “grows” the MST in clusters by considering edges in order of their weights.  

Minimum Spanning Tree 
Introduction:

   Given a connected, undirected graph, a spanning tree of that graph is a subgraph which is a tree and connects all the vertices together. A single graph can have many different spanning trees. We can also assign a weight to each edge, which is a number representing how unfavorable it is, and use this to assign a weight to a spanning tree by computing the sum of the weights of the edges in that spanning tree. A minimum spanning tree (MST) or minimum weight spanning tree is then a spanning tree with weight less than or equal to the weight of every other spanning tree. More generally, any undirected graph (not necessarily connected) has a minimum spanning forest, which is a union of minimum spanning trees for its connected components.

    The first algorithm for finding a minimum spanning tree was developed by Czech scientist Otakar

 HYPERLINK "http://knowledgerush.com/kr/encyclopedia/Otakar_Borůvka/"  

 HYPERLINK "http://knowledgerush.com/kr/encyclopedia/Otakar_Borůvka/" Borůvka in 1926. Its purpose was an efficient electrical coverage of Bohemia. There are now two algorithms commonly used, Prim's algorithm and  .Kruskal's algorithm. Both are greedy algorithms. 

Definition : 
  A minimum spanning tree is a tree formed from a subset of the edges in a given undirected graph, with two properties: 

1.  It spans the graph - it includes every vertex in the graph 

2. It is a minimum - the total weight of all the edges is as low as possible

    In graphical form:   

where w(T) is the minimum total weight and (u,v) is an edge between vertices u and v. 

Examples:
    To explain further upon the Minimum Spanning Tree (MST), and what it applies to, let's consider a couple of real-world examples:

   One practical application of a MST would be in the design of a network. For instance, a group of  individuals, who are separated by varying distances, wish to be connected together in a telephone network.  Although MST cannot do anything about the distance from one connection to another, it can be used to determine the least costly paths with no cycles in this network, thereby connecting everyone at a minimum cost.


   Another useful application of MST would be finding airline routes. The vertices of the graph would represent cities, and the edges would represent routes between the cities.  Obviously, the further one has to travel, the more it will cost, so MST can be applied to optimize airline routes by finding the least costly paths  with no cycles.

    To explain how to find a Minimum Spanning Tree, we will look at two algorithms: the Kruskal algorithm and the Prim algorithm.  Both algorithms differ in their methodology, but both eventually end up with the MST.  Kruskal'’s algorithm uses edges, and Prim’s algorithm uses vertex connections in determining the MST.
Prim’s Algorithm:

 Introduction:

    One of the two commonly used minimum spanning tree computation algorithms. The main idea of Prim's algorithm is to  find shortest path in a given graph. It was discovered in 1930 by mathematician Vojtech Jarnik and later independently by computer scientist Robert C. Prim in 1957 and rediscovered by Dijkstra in 1959. Therefore it is sometimes called the DJP algorithm, the Jarník algorithm, or the Prim-Jarník algorithm

Definition:
       Prim's algorithm is an algorithm in graph theory that finds a minimum spanning tree for a connected weighted graph. This means it finds a subset of the edges that forms a tree that includes every vertex, where the total weight of all the edges in the tree is minimized. If the graph is not connected, then it will only find a minimum spanning tree for one of the connected components. 
Function:                                                                                                                                                                         

   In Prim algorithm, it is used to grow the minimum-spanning tree from some single Cluster, a so-called “root” vertex.

The first step is that all vertices of our graph G are marked as not visited.

The second step is that any vertex v you like is chosen as your root vertex and is marked as visited. That means that a new cluster C is defined.

The third step is, that the smallest-weight edge e = (v, u), which connects one vertex v inside  of the cluster C with another vertex u outside of the cluster C, is chosen and is added to the minimum-spanning tree T.

The process has to be repeated until all vertices were marked as visited and a minimum spanning tree is formed

Pseudo code :
·        Pick an arbitrary vertex va and grow minimum spanning tree starting from va. 

·        Store each vertex v a label d(v) = the smallest weight of an edge connecting   v to a vertex in the cloud. 

·        At each step 

·   We add to the cloud the vertex u outside

 the cloud with the smallest distance label 

·         We update the labels of the vertices adjacent to u. 

·        A priority  queue stores the vertices outside the cloud 

·           Key: distance 

·           Element: vertex 

·       Locator based methods 

·          Insert (k, e) return a locator 

·           Replace key (l, k) changes the key of an item. 

·        Store three labels with each vertex 

·            Distance 

·              Parent edge in minimum spanning tree 

·             Locator in priority queue.

Algorithm:
Algorithm PrimJarnik(G):

     Input: A weighted connected graph G with n vertices and m edges 

Output: A minimum spanning tree T for G                                                                                        1. Pick any vertex v of G
2. D[v] ( 0

3. for each vertex u ≠ v do

4. D[u] ( + 
[image: image3]
5. Initialize T ( [image: image4.jpg]



6.Initialize a priority queue Q with an entry ((u, null), D[u]) for each vertex u, where

7.(u, null) is the element and D[u]) is the key.

8.while Q is not empty do

9. (u, e) ( Q. removeMin()

10. Add vertex u and edge e to T. 
11.for each vertex z adjacent to u such that z is in Q do

{perform the relaxation procedure on edge (u,z)}

12. if w((u,z)) < D[z] then

13.D[z] ( w((u,z))

14.Change to (z,(u,z)) the element of  vertex z in Q.

15.Change to D[z] the key of vertex z in Q.

16.return the tree T
code fragment1.1: Prim’s algorithm for the MST problem
Activities: 

Input: Based on the code

  In Prim’s algorithm the input is the vertices and edges so in the code there are two classes one for vertices and its name Node  and the other for edges and  its name Edge.

In the Node class the input is 

          int
x;


int
y;


int
delta_plus;
/* edge starts from this node */


int
delta_minus;
/* edge terminates at this node */


int
dist;

/* distance from the start node */


int
prev;

/* previous node of the shortest path */


int
succ,pred;
/* node in Sbar with finite dist. */


int
w;


int
h;


int
pw;


int
dx;


int
dy;

        String
name;

Where all these are the vertices of the graph and they all declared as integers .The name declared as string.
In the Edge class the input is :
             Int        rndd_plus;
 /* initial vertex of this edge */


int
rndd_minus;
/* terminal vertex of this edge */


int
delta_plus;
/* edge starts from rndd_plus */


int
delta_minus;
/* edge terminates at rndd_minus */


int
len;

/* length */

           String
name;

Where the initial and terminal vertices of  an edge are declared as well as the length of the edge.They all declared as integers.The name declared as string.
Process:
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1-2. We begin with some vertex v ( a root vertex), defining the initial “cloud” of vertices C.  The distance of the vertex v is 0.
3.When vertex u does not connected to vertex  v do;

4. The distances  for all vertices connected to the root vertex are set to infinity , hence it necessary to define the cost function, the cost function "D[u] = +infinity" .

[image: image1.png]



5. Construct an empty tree .

6-7.Construct a priority queue with the element (u,null) and key D[u]. D[u] is a label for each vertex u outside the cloud C, so that D[u] stores the weight of the best current edge for joining u to the cloud C.
8.If the priority queue still has elements do;

[image: image6.png]9. (u, e) € Q. removeMin()

10. Addvertex # and edge e to T El
11 foreach vertex = adjacent to « such that z 1s n O do p
{perform the relaxation procedure on edge (11,2)} :

12, 1t w((u,2)) < D[z] then G




9.Extract the minimum element from the priority qeueu.

10.Insert the vertex u and the edge e into the tree.
11. We now look for the vertices adjacent to the vertex u, we choose a vertex z which is adjacent to u and it is in the priority queue .Update the key for each u’s adjacent node.

12.update D of each adjacent non-tree vertex . If the weigth less than the key then;
[image: image7.png]13.D[z] € w((u,2))
14.Changeto (z.(u,z)) the element of vertexzin Q. .
15.Changeto D[z] the key of vertex zin Q. .
16.returnthe tree T





13. Save the current minimum weight edge, and restore the heap property
14-15.Set the element of z to be (z,(u,z)) and set the key of vertex z.

16. Return the minimum spanning tree.

Output:
Prim’s algorithm outputs a tree with the sum of edges is  the minimum ,thus it produces a minimum spanning tree.

System Scope: 
Prim's algorithm starts with an empty tree , and an arbitrary node , then repeats the  following steps until a MST is found (a MST is found when the set of vertices in the spanning tree is the same as the set of vertices in the graph) .Select a vertex from the graph which is closest to a vertex already in the tree. Add the vertex and the edge used to the tree. 

But prim's  algorithm fail badly on disconnected graphs . It should only add edges of minimum weights are incident  to a vertex  already in the tree, and not  forming  a circuit ,are chosen .At the end , a  tree whose edges sum to minimum weight that is a minimum spanning tree. 
Analysis: 
Let n and m denote the number of  implementation issues for the Prim-Jarnik algorithm are similar to those for Dijkstra's algorithm. If we implement the adaptable priority queue Q as a heap that supports location-aware entries(In order to implement methods remove, replacekey, and replaceValue of an adaptable priority queue P, we need a mechanism for finding the position of an entry of P. Namely, given the entry e of p passed as an argument to one of the above methods, we need to find the position storing e in the data structure implementing P( for example, a doubly linked list or a heap). This position is called the location of the entry.

      Instead of searching for the location of a given entry e, we augment the entry object with an instance variable of type Position storing the location. This implementation of an entry that keeps track of its position is called a location-aware entry. Asummary description of the use of location-aware entries for the stored list and heap implementations of an adaptable priority queue is provided below.), then we can extract the vertex u in each iteration in O(log n) time. In addition, we can update each D[z] value in O(log n) time, as well, which is a computation considered at most once for each edge (u,z). The other steps in each iteration can be implemented in constant time. Thus, the total running time is O((n + m) log n), which is O(m log n). 

Flow Chart:                          Figure1:Prim’s  algorithm flow chart   
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Kruskal’s Algorithm: 

Introduction:
   This algorithm is another one of the two commonly used MST computation algorithms and was developed by Joseph Kruskal in 1956.

Definition : 
      Kruskal's algorithm is an algorithm in graph theory that finds a minimum spanning tree for a connected weighted graph. This means it finds a subset of the edges that forms a tree that includes every vertex, where the total weight of all the edges in the tree is minimized. If the graph is not connected, then it finds a minimum spanning forest (a minimum spanning tree for each connected component). Kruskal's algorithm is an example of a greedy algorithm.

Function : 
In Kruskal’s algorithm, it is used to build the minimum-spanning tree in clusters.

The first step is, that every vertex is in its own cluster; thus every vertex of our graph G
represents one subgraph of G all by itself.
The second step is, that the algorithm considers each edge in turn, ordered by increasing
weights. There are two main cases:
Case 1:
If the chosen smallest weight edge e connects two vertices in different clusters and this edge e
connects two subgraphs which are not connected with the other yet, then this edge e is added
to the minimum-spanning tree and the clusters which are connected by e are merged into a
single cluster.
Case 2:
If the chosen edge e connects two vertices, which are already in the same cluster, this edge e
has to be ignored, because by addition of the edge e a cycle must be created.
Finally, the algorithm has to be continued until n-1 edges were selected

Pseudo code :
· A priority queue stores the edges outside the cluster 

·          Key: weight 
·          Element: edge
·       At the end of the algorithm 
·           We are left with one cluster that encompasses the  Minimum Spanning Tree 
·           A tree T is our Minimum Spanning Tree. 
Algorithm : 

Algorithm kruskal(G):

   Input: A simple connected weighted graph G with n vertices and m edges

   Output: A minimum spanning tree T for G
1.for each vertex v in G do 
2.Define an elementary cluster C(v) ( {v}. 
3.Initialize a priority queue Q to contain all edges in G, using the weights as keys. 

4.T (   [image: image8.jpg]


                       {T will ultimately contain the edges of the MST} 

5.while T has fewer than n - 1 edges do   
6. (u, v) ( Q.removeMin() 
7. Let C(v) be the cluster containing v, and let C(u) be the cluster containing  u. 
8. if C(v) ≠ C(u) then 
9.Add edge (v,u) to T. 
10. Merge C(v) and C(u) into one cluster, that is, union C(v) and C(u). 
11.return  tree T 
code fragment1.2: Kruskal's algorithm for the MST problem

Activities:
Input: Based on the code 
In Kruskal’s algorithm the input is the vertices and edges so in the code there are two classes one for vertices and its name Node  and the other for edges and  its name Edge.
In the Node class the input is 
              int
x;


int
y;


int
set;


int
first;


int
next;


int
w;


int
h;


String
name;

Where all these are the vertices of the graph and they all declared as integers .The name declared as string.
In the Edge class the input is :

             int
rndd_plus;
/* initial vertex of this edge */


int
rndd_minus;
/* terminal vertex of this edge */


int
len;

/* length */


int
select;


String
name;
Where the initial and terminal vertices of  an edge are declared as well as the length of the edge.They all declared as integers.The name declared as string.

 Process:

1-2 For each vertex in G, create a set with that vertex in it; therefore, each vertex is in its own cluster all by itself. 

3.Construct a min priority queue P containing all edges (u, v), with their weights as priorities

4.Construct an empty tree T. It will ultimately contain the edges of the MST. 

       [image: image9.jpg]


    -> empty
[image: image10.png]5. while T has fewer than n-1 edges do

6. (U V) — QremoveMin()
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5. while T does not contain all the vertices in g do:

6. E = P.removeMinElement()
(u,v) (Edge E
     Q( Priority Queue P
Take the edge e with the smallest weight.
.Grows the minimum spanning tree by merging
clusters of vertices through their smallest connecting
edge.
. Considers all edges in order of their weights 
7. Assume the vertex v is in the set C(v), and the vertex u is in the set C(u).
[image: image11.png]if Q) # Q4) then
Add edge (v, u)to 7

Merge Q(v) and (4) into one cluster, that is, union Q(v) and Q(4).

return tree 7





8. If e connects two vertices in different clusters, thats mean, If the endpoints of the edge are in different clusters . 

 9. Then e is added to the set of edges of th    if C(v) ≠ C(u) then
9.     Add edge (v, u) to T 
10.   Merge C(v) and C(u) into one cluster, that is, union C(v) and C(u).
11.   return tree T 
e MST .
10. The two clusters, which are connected by e, are merged into a single cluster.
         - if e connects two vertices, which are already in the same
           cluster, ignore it
  >    Continue until n-1 edges were selected 
11. Once the algorithm has added enough edges to form a spanning tree, it terminates and outputs this tree as the MST
Output: 
Like prim’s algorithm Kruskal’s algorithm produces a minimum spanning tree in which the total weight of edges is minimum .

System Scope : 
Kruskal's algorithm method consists of edges and vertices and it works by sorting the edges by increasing weight. Constructing a spanning tree by adding one of the smallest available edges in each step. 

But in Kruskal's algorithm an edge is available if it has not been selected before and it does not close a cycle with any of the previously selected edges. The algorithm is done and a minimum spanning tree has been found 
Analysis: 
We denote the number of vertices and edges of the input graph G with n and m, respectively. Because of the high level of the description we gave for Kruskal's algorithm in code fragment 1.2 , analyzing its running time requires that we give more details on its implemented.

        We can implement the priority queue Q using a heap. Thus, we can initialize Q
In O(m logm) time by repeated insertions, or in O(m) time using bottom-up heap construction (bottom-up heap construction consists of the following h+1=log(n+1) steps:

1. In the first step, we construct (n+1) /2 elementary heaps storing one entry each.

2. In the second step, we form (n+1) /4 heaps, each storing three entries, by joining pairs of elementary heaps and adding a new entry. The new entry is placed at the root and may have to be swapped with the entry stored at a child to preserve the heap-order property.

3. In the third step, we form (n+1) /8 heaps, each storing 7entries, by joining pairs of 3-entry heaps (constructed in the previous step) and adding a new entry. The new entry is placed initially at the root , but may have to move down with a down-heap bubbling to preserve the heap-order property.

i. In the generic ith step, 2 _< i_< h, we form (n+1) /2i heaps, each storing 2i – 1 entries, by joining pairs of heaps storing (2i-1 – 1) entries(constructed in the previous step) and adding a new entry. The new entry is placed initially at the root, but may have to move down with a down-heap bubbling to preserve the heap-order property

h +1. In the last step, we form the final heap, storing all the n entries, by joining two heaps storing (n-1) /2 entries(constructed in the previous step) and adding a new entry. The new entry is placed initially at the root, but may have to move down with a down-heap bubbling to preserve the heap-order property.

We illustrate bottom-up heap construction for h = 3.).In addition, at each iteration of the while loop, we can remove a minimum-weight edge in O(logm) time, which actually is O(logn), since G is simple. Thus, the total time spent performing priority queue operations is no more than O(m logm).
        We can represent each cluster C using one of the union-find partition data structures discussed in (The partition ADT supports the following methods.

        makeSet(x): Create a singleton set containing the element x and return the      position sorting x in this set.    

        union(A,B): Return the set A U B, destroying the old A and B.

        find(p): Return the set containing the element in position p.
A simple implementation of a partition with a total of n elements is with a collection of sequences, one for each set, where the sequence for a set A stores set position as its elements. Each position object stores a variable,element, which references its associated element x and allows the execution of the element() method in O(1) time. In addition, we also store a variable, set, in each position, which references the sequence storing p, since this sequence is representing the set containing p's element. Thus, we can perform operation find(p) in O(1) time, by following the set reference for p. Likewise, makeSet also takes O(1) time. Operation union(A,B) requires that we join two sequences into one and update the set references of the positions in one of the two).Recall that the sequence-based union-find structure allows us to perform a series of N union and find operations in O(N logN) time, and the tree-based version can implement such aseries of operations in O(N log*N) time. Thus, since we perform n-1 calls to method union and at most m calls to find, the total time spent on merging clusters and determining the clusters that vertices belong to is no more than O(m log n) using the sequence-based approach or O(m log*n) using the tree-based approach.

        Therefore, using arguments similar to those used for Dijkstra's algorithm, we conclude that the running time of Kruskal's algorithm is O((n + m)log n), which can be simplified as O(m log n), since G is simple and connected.

Flow Chart :

  

 
           









Figure2:Kruskal’s algorithm flowchart
Comparison :
What are differences between Prim’s algorithm and Krushkals algorithm for finding the minimum spanning tree of a graph?

    Prim’s  algorithm  is a  Vertex based algorithm. Prim's method starts with one vertex of a graph as your tree, and adds the smallest edge that grows your tree by one more vertex. While, Kruskal’s algorithm  is anEdge based algorithm.Kruskal starts with all of the vertices of a graph as a forest, and adds the smallest edge that joins two trees in the forest.

Prim's method is better when 

· You can only concentrate on one tree at a time 

· You can concentrate on only a few edges at a time 
Kruskal's method is better when 

· You can look at all of the edges at once 

· You can hold all of the vertices at once 

· You can hold a forest, not just one tree 

Basically, Kruskal's method is more time-saving (you can order the edges by weight and burn through them fast), while Prim's method is more space-saving (you only hold one tree, and only look at edges that connect to vertices in your tree).
Appendix A  : Bibliography
 1.Robert Clay Prim
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(born 1921 in Sweetwater, Texas) is an American mathematician and computer scientist.

In 1941, Prim received his B.S. in Electrical Engineering from Princeton University. Later in 1949, he received his Ph.D. in Mathematics there also. Robert Prim worked at Princeton University from 1948 until 1949 as a research associate.

During the climax of World War II (1941–1944), Prim worked as an engineer for General Electric. From 1944 until 1949, he was hired by the United States Naval Ordnance Lab as an engineer and later a mathematician. At Bell Laboratories, he served as director of mathematics research from 1958 to 1961. There, Prim developed Prim's algorithm. After Bell Laboratories, Prim became vice president of research at Sandia National Laboratories.

During his career at Bell Laboratories, Robert Prim along with coworker Joseph Kruskal developed two different algorithms (see greedy algorithm) for finding a minimum spanning tree in a weighted graph, a basic stumbling block in computer network design. His self named algorithm, Prim's algorithm, was originally discovered in 1930 by mathematician Vojtech Jarnik and later independently by Prim in 1957. It was later rediscovered by Edsger Dijkstra in 1959. It is sometimes referred to as the DJP algorithm or the Jarnik algorithm
2.Joseph Bernard Kruskal
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Joseph Bernard Kruskal, Jr. (born January 29, 1928) is an American mathematician, statistician, and psychometrician. He was a student at the University of Chicago and at Princeton University, where he completed his Ph.D. in 1954, nominally under Albert W. Tucker and Roger Lyndon, but de facto under Paul Erdős with whom he had two very short conversations[citation needed]. Kruskal has worked on well-quasi-orderings and multidimensional scaling.He is a Fellow of the American Statistical Association, former president of the Psychometric Society, and former president of the Classification Society of North America. He also initiated and was first president of the Fair Housing Council of South Orange and Maplewood in 1963, and actively supported civil rights in several other organizations.

In statistics, Kruskal's most influential work is his seminal contribution to the formulation of multidimensional scaling. In computer science, his best known work is Kruskal's algorithm for computing the minimal spanning tree (MST) of a weighted graph. The algorithm first orders the edges by weight and then proceeds through the ordered list adding an edge to the partial MST provided that adding the new edge does not create a cycle. Minimal spanning trees have applications to the construction and pricing of communication networks. In combinatorics, he is known for Kruskal's tree theorem (1960), which is also interesting from a mathematical logic perspective since it can only be proved nonconstructively. Kruskal also applied his work in linguistics, in an experimental lexicostatistical study of Indo-European languages, together with the linguists Isidore Dyen and Paul Black. Their database is still widely-used (available at the link below).

Kruskal was born in New York City to a successful fur wholesaler, Joseph B. Kruskal, Sr. His mother, Lillian Rose Vorhaus Kruskal Oppenheimer, became a noted promoter of Origami during the early era of television.Joseph Kruskal should not be confused with his two brothers Martin David Kruskal (1925-2006; co-inventor of solitons and of surreal numbers) and William Kruskal (1919–2005; developed the Kruskal-Wallis one-way analysis of variance).
Appendix B : Flowchart Symbols 
Terminator: An oval flow chart shape indicating the start or end of the process. 
Process: A rectangular flow chart shape indicating a normal process flow step. 

Decision: A diamond flow chart shape indication a branch in the process flow. 

Connector: A small, labeled, circular flow chart shape used to indicate a jump in the process flow. 

Data: A parallelogram that indicates data input or output (I/O) for a process. 

Document: used to indicate a document or report (see image in sample flow chart below).
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Appendix C: Related Algorithm 
Greedy algorithm :

A greedy algorithm might also be called a "single-minded" algorithm or an algorithm that gobbles up all of its favorites first. The idea behind a greedy algorithm is to perform a single procedure in the recipe over and over again until it can't be done any more and see what kind of results it will produce. It may not completely solve the problem, or, if it produces a solution, it may not be the very best one, but it is one way of approaching the problem and sometimes yields very good (or even the best possible) results

Example of greedy algorithms :
      Map Coloring: There is no algorithm that will produce a minimal coloring (a coloring using the fewest number of colors) for every single map, but often you can get good results by choosing one color, and coloring as many regions as possible with that color before going on to another color. You proceed with the next color in the same way, not going to a third color until there are no regions that can be colored with the second color.
   If the map can be two-colored, this will always produce a two coloring. If using this procedure causes you to use four colors, you will have to look at your coloring and think about it to decide if it might be possible to use three colors instead. If you use more than four colors, you can be sure that your map can be colored with fewer colors, but your ingenuity (not the greedy algorithm) will have to show you how to do it.

Dijkstra's algorithm
Dijkstra's algorithm solves the single-source shortest-paths problem on a weighted, directed graph G = (V, E)
for the case in which all edge weights are nonnegative. The running time of Dijkstra's algorithm is lower
than that of the Bellman-Ford algorithm.
􀁺 Maintains a set S of vertices whose final shortest-path weights from the source s have already been
determined.
􀁺 Repeatedly selects the vertex u ∈ V - S with the minimum shortest-path estimate, adds u to S,
and relaxes all edges leaving u.
In the following implementation, we use a min-priority queue Q of vertices, keyed by their d values.
DIJKSTRA(G, w, s)
1 INITIALIZE-SINGLE-SOURCE(G, s)
2 S ← Ø
3 Q ← V[G]
4 while Q ≠ Ø
Design and Analysis of Algorithms Lecture note of March 3rd, 5th, 10th, 12th
5 do u ← EXTRACT-MIN(Q)
6 S ← S ∪{u}
7 for each vertex v ∈ Adj[u]
8 do RELAX(u, v, w)
The running time of Dijkstra's algorithm is O(V2+E) = O(V2).
Refrences:
· http://wiki.answers.com
· Data Structures & Algorithm in Java book .Fourth Edition. Michael T. Goodrich and Roberto Tamassia.(2006) , John Wiley & Sons, Inc.

· www.cs.arizona.edu/classes/cs445/spring05/ds-4.ppt 
· http://knowledgerush.com/kr/encyclopedia/Kruskal's_algorithm

· http://knowledgerush.com/kr/encyclopedia/Prim%27s_algorithm

· http://books.google.com 
· www.infosun.fim.unipassau.de/br/lehrstuhl/Kurse/Proseminar_ss01/MST(engl).ppt 
·  http://www.acm.org/ubiquity/volume_9/pf/v9i7_pal.pdf
· http://datastructuresnotes.blogspot.com/2009/03/prim-jarniks-algorithm-for-extract.html
· http://en.wikipedia.org/wiki/Prim%27s_algorithm

· http://en.wikipedia.org/wiki/Kruskal%27s_algorithm

· http://www-b2.is.tokushima-u.ac.jp/~ikeda/suuri/dijkstra/Prim.shtml

· http://www-b2.is.tokushima-u.ac.jp/~ikeda/suuri/kruskal/Kruskal.shtml
· http://www.acm.org/ubiquity/volume_9/pf/v9i7_pal.pdf
http://www.cs.helsinki.fi/u/ejunttil/opetus/tiraharjoitus/prim.ppt

1.for each vertex v in G do 


2.Define an elementary cluster C(v) ( {v}. 


3.Initialize a priority queue Q to contain all edges in G, using the weights as keys. 
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6.Initialize a priority queue Q with an entry ((u, null), D[u]) for each vertex u, where


7.(u, null) is the element and D[u]) is the key.


8.while Q is not empty do
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